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LXXVI .  On a New Class of Properties of Lines and Surfaces 
of the Second Order. By the Rev. J. BooTh, LL.D., 
M.R.I.A., Vice-Principal of, and Proffbssor of Mathematics 
in the Liverpool Collegiate Inaitution *
I T has sometimes been made an object of inquiry with geo- meters, whetimr loci and directrices exist aswell for the 
minor as the major axes of a conic section; and the conclu- 
sion generally acquiesced in by mathematicians seems to bed 
that fbr the minor axes these points and lines are imaginary ; 
this it would appear proceeds from assuming as a definition of 
a conic section, some property which, instead of being funda- 
mental, is merely a particular case of a more general theo- 
rem; thus the definition of Boseovich~ which is usually 
adopted as the fundamental definition in elementary analyti- 
cal treatises on thi~ subject at the present day, that a conic 
section is the locus of a point whose distances from a fixed 
poinq and from a given line, are in a constant ratio, is merely 
a simplified case of the following more general theorem :~ 
That i f  in an3t surface of the second order with three unequal 
axes, two planes (called directrix planes) are drawn through a 
certain line, parallel to the circular sections off'the surface, and 
i f  a cerlain point be assumed (wkieh may be termed the focus 
off'the surface), the square of t  he distance of anu point on the 
surface from this focus, bears a constant ratio to the product of 
the perpendiculars from this point on the two directrix planes. 
When the surfhce is one of revolution round the transverse 
axe, the two groups of circular sections becoming coincident 
in direction, the two directrix planes coalesce, and the perpen- 
diculars are coincident and equal; hence the above quadratic 
relation may be depressed to the common linear condition be- 
tween the focus, directrix plane and an)" point on a surface of 
revolution round the transverse axe, or on a section of this 
surface passing through it. 
When the surlhce is an oblate spheroid, the directrix planes 
are in this case also identical ; the point termed the focus co- 
incides with the centre; and if any central plane be drawn, it 
will cut the surface in a conic section and the directrix plane 
in a right line~ which is termed in the following paper the 
minor directrix of the conio section. 
Another definition of a focus has been assumed, that the 
focus is a point in the plane of the curve whose distance from 
any point on the curve is a linear function of the correspond- 
ing co-ordinates ; and in a very elaborate and masterly paper, 
published in the number of the Philosophical Magazine for 































Dr. Booth o~ a New Class of Pro2erties of Curves. 539 
January 184.3, Mr. Davies treats the question of directrices 
and loci in a manner perfectly generals and arrives at the con- 
clusion, that there are but two foci and two directrices in a 
conic section, a result arising fi'om the arbitrary nature of the 
definition which he had assumed as the basis of his investiga- 
tion ; a definition to which it would appear there lie two ob- 
jections ; first, that it is merely an analytical condition having 
no geometrical representation, at least such a one as would 
show that these points should occupy the important position 
they do in the theory of conic sections, a fact which becomes 
at once manifest, when these points are defined as the points 
of contact of a plane touching two spheres inscribed in a right 
cone, and which cuts it in a conic section ; and again, because 
the distance of the focus to any point of the common direc- 
trix, or of tile centre to any point of the minor directrix, is a 
linear function of the co-ordinates of the point of contact of a 
tangent drawn through this point of the directrix to the curve, 
so that other points may be found which are not on the curve 
whose distances to the focus are linear functions of the co-or- 
dinates of certain corresponding points upon the curve. 
It is true, that so long as a conic section is defined as a 
plane section of a right cone, the minor directrices cannot be 
exhibited by any construction at all comparable in elegance 
with the geometrical method of defining the common loci and 
directrices above alluded to; but if we define a conic section 
as a central plane section of any surface of the second order, 
the difficulty at once vanishes, and we can exhibit the minor 
directrices with as much ease as we may the ordinary loci and 
directrices: to give some of the leading properties of the 
former is the object of the following paper. 
Let a and b be the semlaxes of a central conic section, e the 
- 
eccentricity ~ \ a~ ] , and, guided by the analogy of the 
ordinary directrices and foci, let us draw two righf lines per- 
pendicular to the minor axe, at the distance --b from the eeri- 
e 
tre, these lines may be termed the minor directrices; and on 
the same axe let two points be assumed at the distance b e 
fi'om the centre~ these points may be called the minorfoei. 
In the hyperbola, as the minor axe is imaginary, the new 
directrices must be drawn in a somewhat different manner. 
Let 2 ~ be the angle between the asymptots of the hyperbola, 
and on the transverse axe l t two points be assumed at the 
distance a sin w from the centre ; through these points let per- 
































540 Dr. Booth on a New Class of Properties 
minor directrices of the hyperbola; and if two other points be 
assumed at the distance ~a from the centre, these points 
sin x 
are the minor loci. It is almost needless to mention that the 
distances of the common directrices and loci from the centre 
of the hyperbola re a cos ~0 and ~ respectively; hence, in 
cos a~ 
the equilateral hyperbola, where ~0 =--~, the ordinary and 
minor directrices coinei(ie, as do also the common and minor 
loci; whence we may deduce the very general and remark- 
able conclusion that, 
The common directrices and foci of the equilateral hyperbola 
possess two distinct classes of properties, those vohich belong to 
them as being the common or ordinary directrices and loci, as 
also that other new and e~uall 9 exlensive class, to which the 9
are in like manner elated, as being the minor directrices and 
loci of a central conic section. 
In the circle the minor directri~es are infinitely distant, and 
the minor foei coincide with the centre, as is also the case with 
the ordinary directrices and loci. 
Of the following theorems, most of which are, it is believed, 
new, the demonstrations have been suppressed, as to any who 
are moderately versed in analysis, and who take an interest in 
ttle subject, it will give but little trouble to supply them. It 
may, however, be remarked, that the solutions of many of the 
theorems may be effeeted with great brevity and simplicity by 
the application of a new method in analytic geometry,--the 
theory of tangential co-ordinates, an outline of which was pub- 
lished some years ago by the author *. 
Fig. 1. 
D ~. /~ O y a 
On the Application of a new Analytic Method to the Theory of 
































of Curves and Curved Surfaces of the Second Order. 541 
Theorem I. Let a quadrilateral be inscribed in a conic 
section, whose sides, a, b, c, d, being produced meet one of 
the minor direetriees D Q in the points a,/3, % ~, the seg- 
ments a ~, ~ ~, subtend angles at the centre, which are together 
equal to two right angles. 
When the section becomes a circle, the minor directrices 
recede to an infinite distance, hence the lines O a, 0/3, O ~/, 
O ~ are parallel respectively to the sides a, b, c, d of the qua- 
drilateral ; and therefbre the angle between a and d is equal to 
the angle a O 8, and the angle between c and b equal to the 
angle ~, O/3; hence we infer, that the opposite angles ofa qua- 
drilateral inscribed in a circle are together equal to two right 
angles. 
I I .  When two of the sides of the. quadrilateral  and d, 
suppose, are fixed, the point of intersection of b and c upon 
the curve being variable, the angle/30 ~/is constant; or if two 
fixed points be assumed on a conic section and a third va- 
riable, the cords which pass through the latter and the two 
former intercept on one of the minor directriees a segment 
which subtends at the centre a constant angle ; hence we may 
infer, as in the last proposition, that the angle in a given seg- 




:D r 7l O/ ~t 
I I I .  Through the points B W, the extremities of the minor 
axe in the ellipse, or of the transverse axe in the hyperbola, 
and any other point P on the curve, let there be drawn two 
cords meeting one of the minor directriees in the points ~r 7r , 
the segment ~r~r r subtends a right angle at the centre; hence 
the angle in a semicircle is a right angle. 
IV. Through the centre of a conic section let two right 































~62 Dr. Booth on a Ne~ Class of  Properties 
curve in P, the other a minor directrix in R; the right line 
P R envelopes a circle whose diameter in the case of the el- 
lipse is the minor axis, and in that of the hyperbola the trans- 
verse axe .  
V. Let a right line be drawn (fig, ~) cutting the conic sec- 
tion in the points P pw, and the minor directriees in the points 
Q Qt the segments P Q, pr Qt subtend equal angles at the 
centre. 
VI. Through the points P and pi let two tangents to the 
curve be drawn, one meeting the minor directrices in the 
points T T I, the other meeting the same directrices in the 
points vTr; the sum of the angles subtended at the centre by 
the segments of the tangents T T and ~" ~.r intercepted between 
the directrices i double of the angle subtended by Q Qt, the 
cord of contact, at the same centre. 
VII. From the points Q, Qt let perpendiculars b~let fall 
on 0 T, 0 ~', and 0 T t, 0 ¥ respt~ctiwly ; these four perpen. 
diculars are equal, 
VIII. Calling the length of this perpendicular p, we shall 
have the relation sin P 0 pt 20 
sin Q 0 Qr = -if, 
IX. Let a right line touch a conic section in P (fig. a), and 
meet he minor directrices in Q QI ! the distances 0 Q, 0 Qt of 




co-ordinates ofthe point of contact P; and the rectangle under 
these distances is to the square of the central radius vector 































of Curves and Curved Surfaces of the Second Order. 543 
stance of the major direetrix from the centre is to the square 
of the abscissa a of the point of contact, 
a 2 
or 0 Q .0  Qt: 0 W : : -~ : ~. 
X. Let the lines 0 Q~ 0 QI meet he same minor directrix 
in the points Q Q", then in the triangle 0 Q Q' we shall have 
the base q Qi to the sum of the sides OQ + 0 Q"~ as the 
eccentricity of the conic section is to unit),, or 
Q Q" Q Q" 
0 Q+ o Q" - e, in the hyperbola 0 Q-O Q" - e. 
XL On this tangent let perpendiculars belet fall from the 
minorfoci C C r, the ratio of these perpendiculars is equal to 
that of the distances of Q and Qr from the centre. Hence 
the ratio of those perpendiculars is also the same as that of the 
segments P Q, pQr; thus the perpendiculars from the minor 
loci on a tangcn% the distances of the points Q q~ (where this 
tangent meets t[~e minor directrices) to the centred and the 
segments of this tangent between the point of contact and the 
minor directrices are all in the same ratio. 
XII. The product of the focal perpendiculars on a tangent 
to the curve~ is to the square of the central perpendicular on 
the same tangent as the square of the semi-diameter passing 
through the point of contact is to the square of the semi-major 
axe~ 
~I al~ 
or PU -- a?" 
Let h be the angle which these perpendiculars make with the 
minor axe, and let p pr be the distances of the points Q Ql to 
the centre, 
then ~ = e s sin s A. 
XIII.  From any point G in one of the minor directrices 
let tangents be drawn to the curve, and let the cord of contact 
meet he same directrix in the point H, the line G H subtends 
a right angle at the centre O. 
XIV. Or more generally, if fi'om any point G in the plane 
of the curve, two tangents are drawn to it meeting one of the 
minor directrices in the points m and n, the cord of con- 
tact meeting the same directrix in the point H, the line O H 
bisects the supplement of the angle m O n ; and if from C, the 
corresponding minor focus, we draw a line to the point G 
meeting the directrix in the point H ¢, the lit)e 0 H r bisects 
the angle m 0 n; hence the lines 0 H, 0 H I are ahvays at 































5¢I. Dr. Booth on a New Class of Properties 
XV. If ti'om any point G in a minor direetrix two tangents 
are drawn to the curve meeting the parallel axe in the points 
/j. p t 
/x p/, the line/~./d has to the line O G a constant ratio, or G O 
2b 
= ~-,  as the minor axis 2 b is to h the distance between the 
minor focus and minor direetrix. 
The very same relation holds when the point is assumed 
on the common directrix; for if from any point G on the com- 
mon directrix two tangents are drawn meeting the parallel 
axis in the points vd, the segment ~ ~ has to the line G F 
(drawn to the corresponding focus F) a constant ratio, or 
~t  2a  
G F = ~7-, as the major axis 2 a is to h t the distance between 
the common directrix and corresponding focus. 
XVI .  From any point P in a conic section, perpendiculars 
are let fall on the minor direetricesrthe r ctangle under these 
perpendiculars i to the square of the semi-diameter passing 
through the point P in a constant ratio, or 
P T .  P T I b e k e 
po e =a-~e~ = a---~-, 
k being the distance between the centre and the minor di- 
reetrix. 
This theorem is analogous to that from which the ordinary 
definition of a conie section is usually derived ; for let p pi be 
the focal radii vectores of any point on the curve ppl, the per- 
pendiculars from this point on the common direetriees, then 
p pl 1 a e k ~ 
p pt e ~ e ~ a e a ~ , 
k' being the distance between the centre and major directrix, 
a result perfectly analogous to the former. 
XVI I .  From any point P in a conie section, let two cords 
be drawn through the extremities B B I of the minor axe, the 
conic section of which the point O is focus, and which touches 
the cords P B, P B r, will also toueh the minor directrices of 
the curve, and the ordinate to the transverse axe through the 
point P will be the major directrix of this curve. 
XV I I L  Let @ be the angle between a pair of tangents to a 
conic section, p pr the distances of the point of intersection of 
the tangents to the ordinary foei on the transverse axe, and 
~r the perpendicular from the intersection of the tangents on 
the focal cord passing through one of the points of contact, 
we shall have the theorem 































of Curves and Curved Surfaces of the Second Order. 5¢5 
X IX .  If from any point Q in a given right line meeting a
minor directrix in P there are drawn two tangents to the 
curve, meeting the minor directrix in the points g, and v, the 
product of the tangents of ~ P 0 V" and ~ P 0 v is constant. 
On Sgstems of Com'c Sections having the same minor directrices. 
XX. We shall find that peculiar relations exist between 
conic sections having the same minor directrices, somewhat 
analogous to those of confocal conic sections; we cannot on 
the present occasion give more than a few of them. Let k be 
the distance between the common centre and one of the diree- 
trices~ then the axes are connected by the relation 
1 1 1 ~-= ~- + F .  
XXI .  Two rectangular radii vectores being drawn from the 
common centre of two conic sections having the same minor 
directriees, one to each section ; the sum of the squares of the 
reciprocals of those semi-diameters is constant, and the line 
which joins their points of intersection with the curves enve- 
lopes a circle; and if tangents are drawn to the curves through 
the points where the central radii vectores intersect them, the 
locus of the intersection'of those tangents will be a conic see- 
tion, having the same centre and minor directriees as the 
former. 
XXI I .  Let a common tangent be drawn to two conic sec- 
tions having the same minor dlrectrices, the line connecting 
the two points of contact subtends a right angle at he centre. 
XX I I I .  From any point in one of the minor directrices let 
a series of pairs of tangents be drawn to the conic sections, all 
the cords of contact will meet in a point on this directrix; or 
more generally, let there be a series of sections having the 
same centre and minor directriees, and from a point in the 
external one, let pairs of tangents be drawn to each of the in- 
ternal sections; the cords of contact will all meet in a point 
on the tangent o the external section drawn through the 
given point. 
XXIV.  The difference of the squares of the reciprocals of 
any two coincident senti-diameters of two conic sections having 
the same minor directriees i constant. 
XXV. Let a series of conic sections, all having the same 
minor directrices, be cut by a transversal; the segments of 
this line between any pair of sections ubtend equal angles at 
the centre, and if through every pair of points in which this 
line intersects the sections, tangents are drawn intercepted 































~;~6 Dr. Booth on a New Class of Properties of Curves. 
pair of these tangents drawn to the same conic subtends at 
the centre is constant. 
XXVI .  Let a right line Q Qi  and a point O be assumed, 
and round the latter as pole let a constant angle revolve whose 
sides meet the given line in the variable points Q, Qr ; let two 
other fixed points P pi be assumed, the locus of the intersec- 
tion of the lines P Q, p1Qr is a conic section, which passes 
through the points P p/, and of which (when O is the centre) 
the given right line is a minor directrix. 
XXVI I .  Let a series of concentric onic sections, having 
the same minor directrices, be cut by a common diameter, the 
tangents drawn through the points where this diameter inter- 
sects the curves, envelope a concentric onic section. 
The solution of this question is so simply obtained by the 
method of tangential co-ordinates, that I am induced to give 
it here. Let 
b ~0 ~+_a ~=1 . . . . . . .  (1.) 
be the tangential equation of one of the series of ellipses or 
hyperbolas, and as they all have the same minor directriees, 
1 1 1 
a- ~ + ~ = -~;  . . . . . . .  (2.) 
let ~j ---- n x be the projective quatiolf of the diameter, then 
b 2 u 
a~ E = n . . . . . . . .  (3.) 
Eliminating a and b between the equations (1.), (2.), and (3.), 
we find 
o~ $ ~ - o ~ - -  -~,  
the equation of a concentric equilateral hyperbola or ellipse. 
In an early number we hope to return to this subject, and 
apply this theory not only to oblate spheroids and central sur- 
faces of revolution generally, but to surfaces of the second 
order having three unequal axes, as also to systems of sur- 
faces having coincident circular sections, groups which bear a 
striking analogy in their relations to systems of conic sections 
having the same minor direetrices; showing among other re- 
markable properties, that every surface of the second order 
has four directrix planes parallel two by two respectively to 
the circular sections of the surface, as also four loci situated 
two by two on the umbilical diameters. 
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